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Introduction

[1 Problem
formulation

Problem formulation

We are addressing the problem in the following mathematical
form

where ¢ < z < u are to be understood has componentwise
Inequalities.

To apply the particle swarm paradigm or the pattern search
smoothness of the objective function f(z) is not requested.

For the theoretical results of the pattern search and therefore
of the hybrid algorithm some smoothness of the objective
function f(z) is imposed.

ISMP 2006

UFRJ, Rio de Janeiro, Brazil, July 30-August 4, 2006 - p. 4/52



Universidade do Minho

Particle Swarm

[ Particle Swarm
paradigm (PS) ]

[ New position and Part|C|e sSwarm
velocity

[J Constraints

[0 Example

[ Properties

ISMP 2006 UFRJ, Rio de Janeiro, Brazil, July 30-August 4, 2006 - p. 5/52



Particle Swarm paradigm (PS)

priversidade do flinhe Population based algorithms tries to mimic the social behavior
of a population (swarm) of individuals (particles).

Particle Swarm
[ Particle Swarm

paradigm (PS) An individual behavior is a combination of its past experience

Deoapetenand - (cognitive influence) and from the society experience (social
[ Constraints influence) .
[0 Example

[ Properties

In the optimization context, one particle p, at time instance ¢, is
represented by its current position (P (t)), its best ever position
(yP(t)) and a traveling velocity (v?(t)).

Let y(t) represent the best particle position of the population.
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Particle Swarm

[ Particle Swarm
paradigm (PS)
[0 New position and

velocity
[J Constraints
[0 Example
[ Properties

New position and velocity

The new particle position is updated by
2P (t4+1) =P (t) + P (t + 1),
where vP(t + 1) is the new velocity given by
v (t41) = c()vf (8)+pw;(8) (y5 (8) — 25 (1)) +rwe; (t) (9, () — 25 (2))

fory;=1,...,n.
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[ Particle Swarm
paradigm (PS)
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New position and velocity

The new particle position is updated by
2P (t4+1) =P (t) + P (t + 1),
where vP(t + 1) is the new velocity given by
v (t41) = c()vf (8)+pw;(8) (y5 (8) — 25 (1)) +rwe; (t) (9, () — 25 (2))

fory;=1,...,n.

« (%) is the inertial factor
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Particle Swarm

[ Particle Swarm
paradigm (PS)
[0 New position and

velocity
[J Constraints
[0 Example
[ Properties

New position and velocity

The new particle position is updated by
2P (t4+1) =P (t) + P (t + 1),
where vP(t + 1) is the new velocity given by
v (t41) = c()vf (8)+pw;(8) (y5 (8) — 25 (1)) +rwe; (t) (9, () — 25 (2))

fory;=1,...,n.

« 1 IS the cognitive parameter and v Is the social parameter
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New position and velocity

Univeridad do Hinhe The new particle position is updated by

Particle Swarm P (t + 1) = P (t) + P (t + 1),

[ Particle Swarm

baradigm (S) where vP(t + 1) is the new velocity given by

[0 New position and

velocity

S 05 (1) = e(0)vg (1) +pwrs (8) (7 (t) — 25 (8)) Fvwa; (1) (95 () — 25(2))
(I Properties

fory;=1,...,n.

« w1;(t) and we;(t) are random numbers drawn from the
uniform (0, 1) distribution.
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Handling constraints

B Simple bound constraints are handled by a projection onto
Q={reR": ¢ <z <u}, forall particlesi =1,...,s.

Particle Swarm
[ Particle Swarm

i

paradigm (PS) Ej If .CC; (t) < fj,
[J New position and ) i i .

velocity projo(z;(t)) = uj it 2%(t) > uy,
; :
[ Example L L (t) otherwise,

[ Properties

for;=1,...,n.

The projection is applied to the new particles position.
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Particle Swarm

[ Particle Swarm
paradigm (PS)

(1 New position and
velocity

[0 Constraints

[0 Example

(I Properties

Example with 1 r 2. nod problem

iter=1, best fx=—0.6836, nfx=36
[ \@L
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iter=871, best fx=-0.0000, nfx=31356

Particle Swarm
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iter=1181, best fx=—0.0000, nfx=42516

[
Particle Swarm

[ Particle Swarm
paradigm (PS)

(1 New position and
velocity

[0 Constraints

[0 Example

(I Properties
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Particle Swarm

[ Particle Swarm
paradigm (PS)

[J New position and
velocity

[0 Constraints

[0 Example

(I Properties

Some properties

- Easy to implement.
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Particle Swarm

[ Particle Swarm
paradigm (PS)

[J New position and
velocity

[0 Constraints

[0 Example

(I Properties

« Easy to deal with discrete variables.
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Particle Swarm

[ Particle Swarm
paradigm (PS)

[J New position and
velocity

[0 Constraints

[0 Example

(I Properties

- Easy to paralelize.
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Particle Swarm

[ Particle Swarm
paradigm (PS)

[J New position and
velocity

[0 Constraints

[0 Example

(I Properties

« For a correct choice of parameters the algorithm terminates
(limt_>+oo ’U(t) — O)
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Particle Swarm

[ Particle Swarm
paradigm (PS)

[J New position and
velocity

[J Constraints

. « Only objective function evaluations (without derivatives or
approximation to derivatives).
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Particle Swarm

[ Particle Swarm
paradigm (PS)

[J New position and
velocity

[0 Constraints

[0 Example

(I Properties

« Convergence for a global optimum, but with a slow rate of
convergence near an optimum.
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Particle Swarm

[ Particle Swarm
paradigm (PS)

[J New position and
velocity

[0 Constraints

[0 Example

(I Properties

« High number of function evaluations.
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O Introdution

O Definitions

0 Grid Pattern search
0 Pattern search
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Introduction to direct methods

s Direct search methods are an important class of optimization
methods that try to minimize a function by comparing objective
Pattern search . . .
function values at a finite number of points.
[J Definitions
0 Grid

[J] Pattern search
[J Constraints
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Introduction to direct methods

B Direct search methods are an important class of optimization
methods that try to minimize a function by comparing objective
function values at a finite number of points.
[ Definitions
Eg;t‘fem conrch Direct search methods do not use derivative information of the
0 Constraints objective function nor try to approximate it.
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Introduction to direct methods

B Direct search methods are an important class of optimization
methods that try to minimize a function by comparing objective
function values at a finite number of points.
[ Definitions
Eg;t‘fem conrch Direct search methods do not use derivative information of the
0 Constraints objective function nor try to approximate it.

Pattern search method belongs to the class of direct search
methods where its structure is more rigid.
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0 Introdution be a positive maximal basis.

O Grid
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Some definitions
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Pattern search

0 Introdution be a positive maximal basis.
0 Grid ] . . .
0 Pattern search The direct method base on this set is known as coordinate or

[J Constraints

compass search.
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Some definitions

Universidade do Minho Let

Dg =A{e1,...,en,—€1,...,—€n}
Pattern search

0 Introdution be a positive maximal basis.
0 Grid ] . . .
0 Pattern search The direct method base on this set is known as coordinate or

[J Constraints

compass search.

Given a generating set D and the current point y(¢) two sets of
points are defined: a grid M; and the poll set P;. The grid M; is
given by

M, = {y(t) +a(t)Dz, 2 € N'OD'},
where «(t) > 0 is the grid size parameter. The poll set is given

by
P, = {y(t)+a(t)d, d € D}.
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M, and P, sets example
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y+ae,

y(t)—gét)e1 y()+ae,

Q'(t)

y-a(e,

The set M,
and the set
P, when D =

{617 €2, —€1, _62}
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Pattern search
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The search step conducts a finite search on the M; grid.

Pattern search
0 Introdution
O Definitions
O Grid

(] Pattern search

[J Constraints
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Pattern search

Julversidade do finhe The search step conducts a finite search on the M, grid.

Pattern search

T, If no success Is obtained in the search step then a poll step

[ Definitions follows.
0 Grid

(] Pattern search

[J Constraints
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Pattern search

Julversidade do finhe The search step conducts a finite search on the M, grid.

Pattern search . . .

introdution If no success is obtained in the search step then a poll step

O Definitions follows.

0 Grid

0 Constraints The poll step evaluates the objective function in the elements
of P, in searching for points that has a lower objective function
value.

If a success it attained the value of «(¢) may be expended,
otherwise it is reduced.
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Handling bound constraints

Juinersidade do fimhe For the coordinate search method it is sufficient to initialize the
algorithm with a feasible initial guess (y(0) € 2) and to use f
as the objective function.

Pattern search
[J Introdution

[J Definitions

0 Grid .

[ Pattern search f(Z) o f(Z) if 2 € Qa
] 400 otherwise
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The hybrid
[J Motivation
[J Example

The hybrid algorithm
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Motivation

{ainersidad do Minke The hybrid algorithm tries to combine the best of each

algorithms.
The hybrid
algorithm _ N _ _
The particle swarm ability of searching for the global optimum.
[J Example

The guaranty to obtain at least a stationary point in the pattern
search.

Central idea: To apply the particle swarm algorithm in the
search step and when no further success is possible to apply
the poll step.
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Example with 1 r 2. nod problem

iter=1, best fx=12.3615, pollsteps=0, suc=0, delta=0.81920000 nfx=20

The hybrid
algorithm
[J Motivation

[0 Example
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Example with 1 r 2. nod problem

iter=2, best fx=2.2032, polisteps=1, suc=1, delta=0.81920000 nfx=43

I [ I
The hybrid \_/
algorithm

[J Motivation

[0 Example
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Example with 1 r 2. nod problem

iter=3, best fx=1.2456, pollsteps=1, suc=1, delta=0.81920000 nfx=60

The hybrid
algorithm 1
/]
[J Motivation
[0 Example
/
il
/
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Example with 1 r 2. nod problem

iter=4, best fx=0.3038, polisteps=1, suc=1, delta=0.81920000 nfx=70

I [ I
The hybrid \_/
algorithm \ 1
1\ /]

[J Motivation 1.5

[0 Example
l
il
/
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Example with 1 r 2. nod problem

iter=5, best fx=0.3038, pollsteps=2, suc=1, delta=0.40960000 nfx=81

I [ I
The hybrid \_/
algorithm \ /
1\ /]

[J Motivation 1.5

[0 Example
l
il
/
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Example with 1 r 2. nod problem

iter=6, best fx=0.3038, pollsteps=3, suc=1, delta=0.20480000 nfx=90

I [ I
The hybrid \_/
algorithm \ 1
1\ /]

[J Motivation 1.5

[0 Example
l
il
/
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Example with 1 r 2. nod problem

iter=61, best x=0.0543, pollsteps=58, suc=42, delta=0.00160000 nfx=400

I [ I
The hybrid \_/
algorithm \ /
1\ /]

[J Motivation 1.5

[0 Example
l
il
/
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Example with 1 r 2. nod problem

iter=511, best fx=0.0264, pollsteps=211, suc=149, delta=0.40960000 nfx=1206

The hybrid
algorithm /
/]
[J Motivation
[0 Example
/
il
/
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The hybrid
algorithm
[J Motivation

[0 Example

Example with 1 r 2. nod problem

iter=6506, best fx=0.0018, pollsteps=1120, suc=499, delta=0.81920000 nfx=9997
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Convergence

[ Global
convergence

[ Finite termination

Convergence
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Global convergence

mesmesiiie Teorema 1 Let L(g(0)) = {z € R : f(z) < f(y(0))} be a
bounded set. Then, there exists a subsequence {y(tx)} of the

e”"e iterates produced by the hybrid algorithm (with axo; = vie; = 0)

convergence such that

[J Finite termination

lim g(tx) = 9. and lim a(ty) = 0,

k— 400 k— 400

for some ¢, € Q2 and such that the subsequence {t;} consists
of unsuccessful iterations.
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Convergence

(] Global
convergence

[ Finite termination

Finite termination

Teorema 2 Suppose that for ¢ sufficiently large one has that
(1), E(y'(t)), i =1,...,s,and E(g(t)) are constant and that
E(proju, (' (t — 1) +0'(t))) = E(z*(t — 1) +v*(t)), i =1,...,s.
Then, if the control parameters for particle swarm, z, w1, w2, u,
and v, are chosen so that max{|al, |b|} < 1, where

w1 = E(wi(t)), wa = E(wa(t)), r = (t) for all £, and a and b are
defined respectively by (1) and (2), then

lim E(’U;(t)) =0, i=1,...,s,7=1,...,n.

t— 400

and the hybrid algorithm will stop almost surely in a finite
number of iterations.

o (147 — pan —vwg) + /(1 + 1 — piy —vivg)? — 4t "
_ ; |

(147 — piy —vwg) — /(1 +7— por —vivg)? — 41

(2)
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Numerical results

] Test problems

(1 Compare .

[ Used parameters Numerical results
[J Objective function

(1 Average
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Numerical results

] Test problems

(1 Compare

[0 Used parameters
[J Objective function
(1 Average

Test problems

122 problems were collected from the global optimization
literature.

12 problems of high dimension (between 100 and 300
variables). The others are small (< 10) and medium size
(< 30).

Majority of objective functions are differentiable, but
multimodal.

All problems have simple bounds on the variables (needed for
the search step — particle swarm).

The test problems were coded in AMPL (A Modeling Language
for Mathematical Programming).

Test problems available on
http://ww. norg. um nho. pt/ ai vaz (under software).

ISMP 2006
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How to compare the solvers performance?

E— Performance profiles — Dolan and Morée, 2003.
NMymerical resiiits One advantage of the performance profiles is that it can be
[] Test problems ) ] . i
0 Compare represented in one figure, drawing for each solver a cumulative
opapaames — distribution function p(7) representing the performance ratio.

jective function ] L ; ] ..
0 Average ps(1) is the probability of solver s winning over the remaining
ones. Bigger p,(1) values means higher probability of winning

(be the best).

On the other hand solvers with higher p;(7), 7 — oo, are the
most robust. If ps(7) = 1 then solver s solved all the problems.
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Numerical results

] Test problems

(1 Compare

[0 Used parameters
[J Objective function
(1 Average

Used parameters

PSwar m
Qo = 107°, v = = 0.5, ¢(t) = 2, 6(t) = 0.5,
a(0) = max,—1 . n(u; —¥¢;)/cwithc=5and s = 20.

The inertial parameter . was linearly interpolated between 0.9
and 0.4, i.e., t(t) = 0.9 — (0.5/taz )t, Where t,,4. IS the
maximum number of iterations allowed.

The initial population is obtained by generating s random
points drawn from the uniform distribution U (4, u), i.e.,
z5(0) ~ U(lj,u5), j =1,...,n, for all particles i = 1,...,s
(initial feasible approximations).

PGAPack
Genetic algorithm population of 200.

ISMP 2006
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Average objective value
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Average objective value of 30 runs with maxf=1000 (7500)
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Average objective value of 30 runs with maxf=10000(15000)

1 T T T T T T T T T T T 1
v_ E I § 0.95
09 -
$ u %] 0.9
R %
- - xx
0.8 __—————k Ty .
""""""""" g ¥ -,§':‘_8_____-,0.85
a 0.7F 4 F TP 108 <o
- 410.75
0.6 .
- 410.7
% ASA
0.5 —e— PSwarm | |
+ == PGAPack - 10.65
= € = Direct
—— MCS
0.4 . ' ' : : 0.6
7 8 9 10 200 400 600
T T

ISMP 2006 UFRJ, Rio de Janeiro, Brazil, July 30-August 4, 2006 - p. 44/52



Average of objective function evaluations
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Average objective evaluation of 30 runs with maxf=1000
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Average objective evaluation of 30 runs with maxf=10000

Average of objective function evaluations
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Numerical results

] Test problems

(1 Compare

[0 Used parameters
[J Objective function
(1 Average

Average number of o.f. evaluation
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Pattern search vs Particle swarm vs PSwar m

Average objective value of 30 runs with maxf=1000 (7500)

1 T T T T T | | | T , I . 1
i 10.98
........ R--=-- B - ===
09 I B
i ® o 00010.96
...... oo
- 10.94
0.8 |
i 10.92
Q 0.7 11 los o
i -10.88
0.6 |
i +10.86
i 10.84
05 |
i 10.82
0.4 | |

0.8
10 200 400 600
T T

ISMP 2006 UFRJ, Rio de Janeiro, Brazil, July 30-August 4, 2006 - p. 48/52



Pattern search vs Particle swarm vs PSwar m

Average objective value of 30 runs with maxf=10000(15000)
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